
IEEE TRANSACTIONS ON AUTOMATIC  CONTROL, VOL. AC-26. NO. 2, APRIL 1981 3 79 

Stochastic Model Simplification 

Ahsbact-Mathematical models, defined by  a structure and  a set  of 
parameter variation or uncertainty, may be simplified both by structure 
reduction and  parameter set reduction. First, the approximation of high- 
order and time varying  linear Gaussian models by low-order and time- 
invariant ones is considered. The proposed  approach is based on maximiz- 
ing the probabilistic ambiguiv between the actual model and the approxi- 
mate one, and is applicable to general stochastic linear models. Reducing a 
model set, defined on a set of parameter  variation or uncertainty, to a 
single  fixed parameter model or a finite model  group, is then considered. 
The Set reduction criteria give rise to a min-ma% optimization problem  and 
a min-max-min problem,  which is converted to a constrained min-max 
problem. The algorithmic solution of the optimization problems is consid- 
ered in detail, along with several approximation  and discretization schemes. 
The application and the validity  of the proposed approach are examined in 
view of traditional design considerations by solving numerical examples for 
several structure and set reduction problems. 

I. INTRODUCTION 

T HIS  paper is concerned with the problem of simplifying 
high-order, time-varying and  parameter-uncertain  sto- 

chastic linear models. Order  reduction  methods  for essen- 
tially deterministic, time-invariant linear models have been 
studied extensively in recent years [ 11. Various techniques, 
ranging from dominant eigenvectors [2], canonical forms 
[3] and  output deviation [4], approximations  of state-space 
models to  continued  fraction [5], state feedback [6], Pade 
[7], [8], and  Routh [9], approximations of transfer func- 
tions, have been suggested. Stochastic model reduction  has 
been considered, in rather general terms, in [ 101 and [ 1 11. 
On  the  other  hand, with very  few exceptions (e.g., [ 121, and 
[ 131, where only response to  initial  conditions is consid- 
ered)  the  problem of representing time-varying models by 
time-invariant ones  does not seem to have attracted  much 
interest.  Neither  has  the  problem of representing models 
with large parameter variation or  uncertainty by a single 
model or  a small model group received a systematic treat- 
ment. This is somewhat surprising, since simplified model- 
ing of systems, operating  under varying conditions, is 
needed in  many  applications (e.g., in  aerospace  control  and 
navigation systems) for analysis and design purposes. 

In this paper we present a unified approach  to  the model 
simplification problem. The proposed approach is based on 
maximizing the expected log likelihood function  or  the 
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probabilistic ambiguity between the  actual system and the 
simplified model. An approximation coefficient, which 
proves to be very useful in the analysis, is also  defined. 
Employing state-space models in  the time domain makes it 
possible to consider a general class of linear model ap- 
proximation problems. In  particular, a single design would 
take account of stochastic disturbances, deterministic in- 
puts,  and  initial  conditions, which have been treated previ- 
ously in  the  order  reduction  literature by specialized tech- 
niques. For  the case of time-invariant systems, transient 
response and  steady-state  approximations are naturally 
defined in the time domain  and prove to  be  compatible 
with traditional  dominant pole approximations. 

The problems of (order  and time) structure  reduction 
and of (parameter) set reduction give  rise to different 
programming problems. While structure  reduction is 
achieved by solving a minimization problem, set reduction 
to a single model requires solving a min-max problem  and 
set reduction  to  a model group requires solving a min- 
max-min problem. The  algorithmic aspects of these prob- 
lems are discussed in detail.  The validity and  the usefulness 
of the proposed techniques are  demonstrated by low-order 
numerical examples. The resulting designs, based on our 
purely  statistical  criterion  are  found  to  be  in  complete 
agreement with what would be  obtained from system- 
theoretic considerations and “classical” designs in the 
frequency  domain. 

11. STRUCTURE (ORDER AND TIME) REDUCTION 

A.  The Approximation  Criterion 

1) General: Consider a finite sequence of observations 
Y”=(y,  : . . .y,)  with y,ER‘.  Let M = { M ( s ) ;  sES}  de- 
note  a set of arbitrarily simple (hence, not necessarily 
accurate) models for Y N ,  depending  on  a  parameter s. A 
widely accepted criterion for selecting a model for Y” from 
fi is the maximum likelihood criterion 

max  log f,( Y ” )  (2.1) 

where f,( Y ” )  is the  probability density function of Y N  on 
nE, Rm, corresponding  to M(s) .  Now suppose  that  the 
probability  distribution of the  observations is known. Then 
a  reasonable  criterion for selecting an  approximate model 
for Y N  from is that  the expected value of the log 
likelihood function is maximized, i.e., 
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max/ f (YN) log f , (YN)dYX=maxE{ log f , (Y”)}  s E S  s E S  

(2.2) 

where E denotes expectation taken with respect to  the 
known distribution of Y“, f (Y”) .  As noted in [14], the 
integral in (2.2) may be viewed as a version of the ambigu- 
ity  function used in  radar  applications. We call it  here  the 
probabilistic ambiguity between the  actual system and  the 
approximating model. It should be noted  that  in  the  above 
definition  it is assumed that when yi has  a well-defined 
probability density on R’(i.e., that  its  probability measure 
is either  discrete or absolutely continuous with respect to 
the Lebesgue measure). This is suitable for the  Gaussian 
case treated in  the sequel. When this is not  the case (i.e., 
when Y may take values from mixed continuous and 
discrete sets), the ambiguity function  is ill-defined. Instead, 
the  approximation criterion would be defined on Kullback 
-Leibler’s information [ 151 between the  corresponding 
probability measures, i.e., 

assuming that  the two measures are mutually absolutely 
continuous.  It is not difficult to see that whenever these 
measures are absolutely continuous with respect to  the 
Lebesgue measure, the two criteria coincide. 

We shall find it convenient, without losing generality, to 
write the criterion in the form 

min J (  s)  
s E S  

where ,. 
J(s)=--Elogf,(Y”). L 

N 

In  order to evaluate the compatibility of the selected 
approximate model, it is reasonable to compare  the value 
of the criterion function  for  the selected model with the 
one corresponding to  the given distribution.  Furthermore, 
a good measure should be confined to  a specified range, so 
as to provide comparative information on different ap- 
proximations. Defining 

it  can be seen that 

OGK‘B 1 (2.5) 

(since E log f , (YN) G E log f ( y N )  < log E ~ ( Y ” )  = 0). 
Clearly, K’ measures the difference between the  approxi- 
mate model and  the  actual one. A measure of approxima- 
tion is then defined as  the complement of K‘. i.e.. 

Obviously, we have 

OGKGI.  

Of course. we could start by introducing K as the ratio in 
(2.6). It seems,  however, that  the above derivation via K‘ is 
better motivated. We call K the  approximation coefficient. 

2) Linear Gaussian Systems: Consider  a  linear model in 
state-space form 

xn+ I =F,,x, + Dnun + G,w, 
y,=H,,x,+c,  n=l:..N (2.7) 

where .xlI.  J;, and u, are k, 1. and rn-dimensional, x. is 
normally distributed with mean 6 and covariance 4. ( u,)  is 
a known sequence. and (kt ; )  and ( c,)  are mutually uncorre- 
lated. zero mean white noise sequences with covariances 
( Q , )  and ( R , , ) ,  respectively. We denote the given model by 

M = { ( F , . G , , . D , I , H , . ~ . ~ , Q , . R n ) . ~ ~ = l . ~ ~ ~ l ~ V ) .  

(2.8) 
A time-invariant model of the form 

x,+ I = Fx, +Dun + Gw, 
y n = H x , + u ,  n = l , - . - , N  (2.9) 

that  approximates M in some sense is required. This sim- 
plified model may also be of order less than k.  It is 
reasonable, although  not essential to our analysis. to re- 
strict this simplified model to some standard (e.g., standard 
controllable) form. The simplifed model set is denoted by 

M = { M ~ = ( F , , G ~ , ~ , , ~ ~ , ~ , , ~ ~ , Q ~ , R , ) ; ~ ~ ~ ~ R }  
(2.10) 

where s is the vector of free  parameters of the model and S 
is the  parameter set. In order  to write the  approximation 
criterion  for this problem we first note  that 

N 

l o g . ~ ( y ” ) =  2 logL(ynIY”-’) (2.1 1) 
n= 1 

where L( y, 1 Y”-l) denotes  the  conditional  probability  den- 
sity corresponding to Ms. For  the  normal models con- 
cerned we have 

.exp{-1/2(~n-js.n) T z s , n ( y n - Y x , n ) }  - I  

(2.12) 

js.n=Es{ynIyn-‘} (2.13) 

where 

and 

~ s , l * = E ~ { ( J ~ n - ~ s . n ) ( y n - ~ s , n ) ~ } .  (2m14) 

Denoting 

J,,(s)=log(Z,.,(+trZ,~r,.. +log(2m)‘ (2.15) 

where 
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we have 

.(2.16) TABLE I 
PARAMETER AND APPROXIMATION  COEFFICIENT VALCES FOR 

EXAMPLE 1 

(2.17) 

The first and the second derivatives of J ( s )  with respect to 
s, required for a gradient-type minimization procedure, are 
provided in  the  Appendix. 

3) Time  Invariant  Systems: In reducing the  order of time 
invariant systems, two  types of approximations may be 
considered  in  the time domain: 

a)  transient response or finite time design and 
b)  steady-state design. 
When the system’s operation is gven on a finite time 

length,  or when emphasis of the  transient response char- 
acteristics is desired in the design, the  approximation  crite- 
rion  function is given  by 

(2.18) 

where N is the given (sampled) time length,  the  duration of 
the  transient response, or  an arbitrary  initial time period 
selected for design purposes. Characteristic response times 
may be determined by eigenvalue analysis or  simulation of 
the  original system. 

When an  emphasis of the  steady-state  characteristics of 
the  original system  is required in the  reduced-order design, 
the  criterion  function  takes  its  steady  state value, i.e., 

1 h‘ 

N n = l  
J(s)=fim- 2 J,(s)  

=loglZsI+trZ,’rs+log(2a)’ 

(2.19) 

where Zs and r, are the  steady-state values of 2s,n and 
rs. ,, respectively. 

B. Special  Cases  and  Examples 

We  now turn  to  examine  the usefulness of the  proposed 
approach by  solving specific low-order examples for a 
variety of model simplification problems. We first  consider 
the  problem of order  reduction  for  time  invariant models, 
using steady-state and initial response design procedures. 
The effect of a deterministic  input on the design is  also 
examined. We then  consider  the  approximation of a time- 
varying system by a time-invariant model, and finally the 
approximation of a time-varying system by a lower order, 
time-invariant  model is demonstrated. 

Example 1: Given a  second-order system 

y,=[ 1 O ] x , + q  R = Q = l  (2.20) 

Case s - - - -  A 1  9 A2 s1 - 5 - K Z  - 
0.01 

1 0.0099  0.99  0.99  0.9999  0.86  0.9685 

2 0.09 0.10 0.91  0.9985  0.87  0.9685 
0.90 

3 0.16 0.20 0.85  0.9961 0.83 0.9694 
0.80 

4   0 .25  0.50 0.78  0.9987  0.77  0.9682 
0.50 

5 0.5 0.5-0.5j 0.62  0.9340  0.64  0.9472 
O . W . 5 J  

6 0.9  0 .5-0.8j  0 .50  0.4627 0.52  0.8331 
O . W . 8 j  

B ~ , K ~  - steady-scare design  values 

e2,K2 - initial response design values 

it is desired to find a first-order model of the  form 
x,+ ’ =sx, + wn 

y , = x n + t n  R , = Q , = I ,  s E S = ( - W , ~ O )  

(2.21) 

that  approximates  the given  model. Using our  approxima- 
tion  criterion, it is necessary to  find  the value of s that 
maximizes the  function J(s). We seek a steady-state  ap- 
proximation  and  an  initial response approximation  for  the 
first 5 sampling times. “Classical” design considerations 
imply that the frequency response of the  approximate 
model  should be similar to that of the  original system in 
the design  range. The  optimal values of the  parameter s 
and the  corresponding  approximation measure K for several 
values of a are given  in Table I. The poles of the given 
system and  the  approximating  models  in  the  z-plane  are 
shown  in Fig. 1. 

It  is seen that when the  original system has  a  dominant 
(low-frequency) pole (Case  l),  both designs give models 
whose poles are close to  the  dominant pole. In particular, 
the pole of the  steady-state  approximation  is  practically 
identical  to  the low-frequency pole, while the pole corre- 
sponding  to  the  initial response design i s  of higher 
frequency,  as expected. As the poles of the  original system 
come closer (Cases 2-4), the pole of the  approximate 
model  lies to  their right, for both designs, to give similar 
frequency responses to that of the  original poles, in  the 
respective ranges. (Note again, that  the  steady-state design 
pole lies to  the right of the  initial response design pole.) 
Note that for Cases 1-4  the  approximation coefficient 
assumes higher values for the steady-state design, indicat- 
ing  better  approximation. When the poles of the  original 
system are  complex (Cases 5,  6), each of the  approximate 
models has  a real pole with a lower real frequency than the 
complex couple, giving similar frequency response char- 
acteristics. As the imaginary part of the  original system’s 
poles increases, the  approximate model’s poles converges to 
the real part of the  original system’s  pole. Note that  here 
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BOBO 
@ 0.0 0.5 .O @ 0.0 0.5 .O 

Original  model pole: 
Approxhate model pole 

X 
Steady-state design: 0 
initial response design: 0 

Fig. 1, r-plane  poles of second-order model  and first-order approxima- 
tions. 

the  approximation coefficients for the steady-state design 
decreases drastically  (Case 6),  while its value for the  initial 
response  design  remains relatively high. This means that 
when the original system has oscillatory characteristics 
(complex poles), a  transient  response  approximation is 
more  suitable  than  a  steady-state  approximation. 

Next consider the system  given  by (2.20) with a=0.25, 
but let the reduced order model be 

x , + 1  = S I X ,  +w; 
J’, = s * x ,  +c, 

Q ,  =s3 Rs =s4. 

A steady-state design  is desired. The resulting parameter 
values  were found to be: s1 =0.6785, s2 = 1.203. s3 = 1.299, 
and s4 =0.467 with the  approximation coefficient K= 
0.9993.  As  might  have  been expected, the approximation 
here  is better  than in the previous  design (Case 1). as 
effectively all the model’s parameters were free to  take 
their optimal values on R4. 

Finally, consider the system  given  by (2.20) with an 
additional  deterministic  input, i.e.. 

Let 

u, = 1. 

The desired reduced-order model is of the form 

x , + ,   = s x ,  + u, + w, 

y, = x ,  +u, R , = Q , = l ,  s € S = ( - ~ , m )  

with 

u,=1.  

For a=0.25 and  a  steady-state design  we get s=O.l5 and 
K=0.9856.  Comparing these results to Case 4 above, we 
see that  the  additional  deterministic  input  has  a  rather 
marginal effect on the  pole selection and  on the  approxi- 
mation quality. 

Example 2: Given  a time-varying  system 

x,+ I = Fnxn + w, 
y, =x, +c, 

&)=o & = 1  

R , = Q , = l  

consider  the following cases: 
a) “Fading Memov”: 

F,=l--  n = 1 ; . - , 1 0 .  
n 
10 

b) “Intensifying Memory”: 

F =- n 
10 n=0,1 ; . . ,9 .  

Time-invariant models of the form 
- x,+ 1 -sx, +I*; 

y, = x ,  + v, 
t o = o  & = l  

Rs.n=Qs.n=’ 

that  approximate  the given  time-varying  systems are  de- 
sired.  It is reasonable to expect the resulting  parameter 
values to  be close to the average (0.45 in both cases) 
tending, on the one  hand,  towards  later F, values (due to 
the  fading  past effect of a  stable system) and,  on the  other, 
towards larger F;, values (which  have a  greater effect on the 
output covariance as they bring the system closer to  insta- 
bility).  This  means  that  the selected value of the parameter 
s should  be  greater for the intensifying memory case. 

The resulting values of the  parameter s and the ap- 
proximation coefficient are given  below. 

case s K 
Q 0.51 0.980 
b 0.51 0.986 

It is  seen that in both cases average  values  were selected. 
The influence of greater F, values  is  seen  from the fact that 
in both cases s>0.45. This effect is stronger  for  the  case of 
intensifying memory, as expected. Also, note  that  the  ap- 
proximation coefficient is  somewhat  higher  (i.e., the  ap- 
proximation is somewhat  better) in the  latter case, which 
might  be  explained  by the fact that  the system’s dominant 
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characteristics  are  somewhat  more  definite  in  the  latter  tions f,( Y”)  and f,( Y”)  for an observation record Y N =  
case. ( y , ,  - . . , yN) on  its  space of definition. A scalar  function is 

tem 
Example 3: Given  the  second-order time-varying sys- defined  on  the  product set SX T by 

y,=[ 1 o ] x , + u ,  n = 0 , 1 ; * - , 9  
R = Q = l  

it is desired to  find a first-order  time-invariant  model as in 
Example 2. The  original system’s eigenvalues are listed 
below. 

n :  0 1 2  3 4 5 6 7 8 9 
eigenvalues: 1.00 1.09 1.17 1.24 1.31 1.37  1.42  1.47  1.52  1.57 

0.00 -0.09 -0.17  -0.24  -0.31  -0.37 -0.42 -0.47  -0.52 -0.57 

Employing  our  representation  criterion we  get for the 
approximate  model s = 1.45 with K=0.9790. Note  that the 
selected s value tends towards later values of the  “unstable” 
eigenvalue of the original system, as might have been 
expected. The  fact  that  both  the original system and the 
approximate model are  unstable is of no major wnse- 
quence here, since the system’s operation  and  the ap- 
proximation  are required for the first 10 samples only. 

111. SET REDUCTION 

A.  General 

It is sometimes desired to reduce  a model set defined by 
a structure and  a set of parameter values to a single model 
with fixed parameter values and the same  or simpler struc- 
ture  that  represents  the model set in some sense. In  certain 
cases, however, important  characteristics (e.g., those dy- 
namic  characteristics which are  particular  to  subsonic and 
supersonic flights in modeling aircraft dynamics) may be 
lost  in a single model design. A finite  group of representa- 
tive  models that  “spans”  the model set in  some sense 
would then be desired. 

In the  previous section we considered the  problems of 
order  and time structure  reduction. We had  a  known 
stochastic  model  for the system and  a model set from 
which a simpler approximate model  was to be selected. 
This was acheved by minimizing a probabilistic ambiguity 
function with respect to a single variable  parameter.  For 
the model set  reduction  problem considered in  the  present 
section,  the  original model becomes a model set and the 
ambiguity  function becomes a function of two variable 
parameters.  The  two  parameter  sets may or  may  not win- 
cide,  depending  on whether structure  reduction is also 
sought  and  on  the set reduction  procedure used. 

B. Set  Reduction  Criteria 

Let SERF and TER4 be two parameter sets, so that  for 
each s E S and t E T there exist probability density func- 

~~~ 

where E, denotes  expectation with respect to the  density 
f,(YN).  Note that JN(t ,  s) is the negative probabilistic 
ambiguity between the models corresponding  to s and t. 
When  the  observations are ergodic (e.g., stationary  Gaus- 
sian) then J ( t ,  s) has  a limit value 

J ( t , s ) =  lim JN(t,s)=-2E,1ogf,(Y,JYN-I). (3.2) 

Example 4: Consider  a  second-order  linear  Gaussian 

N + o o  

model set in  state-space  form 

0 1  l]x“+[ 

yn=[ l  o]xn+un 

E{wn} =E{u,}  =o 
cov{w~}=cov{un}=l 

where 

-0.25GtGO 

and  a first-order  model set 
x ,+ ,   =sx ,  + w, 

Y n  = X ,  + on 
E{w,}  =E{u , }  =O 

cov{w*} =cov{u,} = 1 

where 
0.5CsC 1 .O. 

The function J( s, t ) for this  example  has been plotted using 
a three-dimensional  plotting  program and is given in Fig. 
2. 

If Y ” does  not possess  well-defined densities, J( t ,  s) will 
be replaced by Kullback- Leibler’s information between 
the  corresponding  probability measures 
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Fig. 2. The functionJ(t, s )  for Example 4. 

provided that P, and P, are  mutually  absolutely  continuous 
for all sES, t E S .  We shall see that in contrast  to  the 
structure  reduction  problems  treated in Section 11, the 
measures J(r ,  s) and I ( t ,  s) do not  coincide for the set 
reduction  problem  treated in this section, even  when h( Y )  
and f , ( Y )  are well defined, and  that there is an obvious 
computational  advantage to using J( t ,  s) when possible. 

Given  two parameter  sets T and S and two  model sets 
defined  on them, the  problem of concern here  is to find a 
finite  group of models defined on S that best represents  the 
entire model set defined  on T. We call T the set of 
definition (of the original model) and S the set of represen- 
tation. S and T may, but need not, coincide and  each may 
be continuous or discrete. When the original model  is 
completely specified by a  parameter value t ,  a  reasonable 
criterion for selecting an  approximate model  from a model 
set defined  on S is that  the  ambiguity between the  actual 
model and the approximate  one is  maximized  (see  Section 
II), i.e., 

minJ(t, s). (3.3) 
S € S  

When the actual model is not specified, but  instead is given 
on a  parameter set T, a  reasonable  criterion  for selecting a 
single representative model defined on S is that  the mini- 
mum possible ambiguity  between the actual model 
(whatever it might be)  and  the selected one is maximized. 
The criterion is then 

min maxJ( t ,  s). 
S € S  I € ? -  

(3.4) 

Next,  suppose that the model set defined  on T is to  be 
represented by a  finite  group of L models, defined on S. 
Denote  the  finite  group of parameter values to be selected 
by 

and  suppose  that t E T is the  actual  parameter value. Then. 
using the criterion (3.3), the  best  representative  parameter 
from P is the one giving 

minJ(t ,  5,). 
s, E P  

(3.5) 

Now P must be selected from S so that the model obtained 

by (3.5) is  the  best  representative  for T. The min-max 
criterion (3.4) requires that  this selection satisfies 

We next derive a  measure  of  compatibility  for  the selected 
model or model group  by  extending  the measure K defined 
in Section I1 as follows. For set reduction  to  a single model 
we obtain  a  min-max  point so. Defining 

t o  =argmaxJ(t, so) 
t € T  

and 

J( t o ,  SO) -J( t o ,  t o )  
K‘( so) = 

J(  tol so) 

it  can  be  shown  (as in Section 11) that 

O d K ’ ( s 0 ) d l .  

K’(so)  measures the  (normalized) difference between the 
selected parameter (so) and to. whch is “the  most differ- 
ent” from so. K’(so)  then measures the  difference between 
the selected model and  the  actual  one  in  the “worst case.” 
A measure of approximation is then defined as the comple- 
ment 

For the problem of set reduction to a finite group Po.  we 
similarly define 

and 

Then  a measure of difference between the selected model 
and the actual  one for the “worst  case”  is 

K’( P o )  = J(rO. PO)-J(tO, t o )  
J ( r o ,  P o )  

and  a measure of approximation is defined  by the comple- 
ment 

J ( t o l  t o )  

J(  t o .  P o )  ‘ 
K (  PO) = 1 - K’( PO) = (3.8) 

C. The Optimization Problem 

The problem at  hand is to construct  procedures for 
solving the  optimization  problems (3.4) and (3.6). Min-max 
problems have  received considerable  attention in the  litera- 
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STEP 0 STEP I 

STEP 0 

Fig. 3. Iterative  reduction of a continuous set to a finite group. 

ture  and several procedures can be  adapted  to (3.4). On the 
other  hand,  there does not seem to be anything  in  the 
literature  concerning problems such  as (3.6), which is a 
generalization of the  min-max problem. The following 
procedure reduces the  solution of (3.6) into iterative  solu- 
tions of min-max  problems  under  constraints. 

Step 0: On the k th iteration, have the  group 

P ~ = ( S ~ , , ; ~ = I ; - - , L ) .  

Step I: For each sk, E Pk find a subset T(sk, j )  E T such 
that for f E T( s k .  j )  

J ( t , S k , j ) > J ( t r S k , i )  foranyi#j .  

Step 2: Find  the  min-max  point in S for each T(sk,!), 
j=l; . . .L ,  and  obtain  a new group Pk+l = ( S k + ] , j ,  J =  

1,- . * .  L ) .  
Step 3: Check  a  stopping  condition. Set k=  k+ 1 and 

The above procedure is described in Fig. 3. The  actual 
repeat  Steps 1 and 2 until  stopping  condition is satisfied. 

algorithm  performs  Steps 1 and 2 together as follows. 

Step 1 ,2 :  Foreachsk,jEPk,j=I,..-,L 
find 

min maxJ(t, s )  (3-9) 
SES t E T  

subject to 
J(t,~,,,)>J(t,s~,~)foranyi#j. (3.10) 

Note that  the  constraint involves  only the  parameter t and 
not s. It follows that in solving (3.9) in  each  iteration only 
the maximization is performed under  the  constraint (3.10). 

The solution of (3.4) is  then  a  (considerably simpler) 
subproblem of the solution of (3.6). This should  come  as 
no surprise as representation by a single model is a special 
case of representation  by  a  finite group. The  representation 
problems  at  hand involve solving unconstrained  (in  the 
case of a single representative  model)  or  constrained (in the 
case of a  representative group) min-max problems. These, 
in  turn, involve unconstrained minimization and  con- 
strained or  unconstrained maximization steps.  Note that 
for the case of linear  Gaussian models on  continuous 
parameter  sets  exact expressions for  the  first and  the 
second derivatives of the  criterion  function J(s, t )  with 
respect to the  parameter s are provided in the  Appendix, 
and  can  be used in  performing  the  minimization  step on S. 
The derivatives with respect to the  parameter t for the 
maximization step  on T can be derived in  a similar  manner 
(replacing  the  original  model  by  the  model  corresponding 
to t and differentiating with respect to I). 

D. Special  Cases 

I )  General: Before addressing the optimization  problems 
(3.4) and (3.6) for  continuous  parameter  sets S and T, we 
consider  the case where  both  sets  are discrete, and  the  case 
where one  set is continuous  and  the  other discrete. These 
cases may be viewed as valid optimization  problems in 
their own right,  applying  to  practical  problems of selecting 
between finite  alternatives,  or  as  approximations of the 
continuous  parameter problem. Such simplified versions of 
the  optimization  problem are also used as  intermediate 
iterative  steps in certain  algorithms  for solving min-max 
problems on continuous  parameter  sets (e.g.,  16). We shall 
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use ( a ,  b )  to denote the finite set composed of a and b and 
[ a ,  b]  to  denote  the closed interval between a and b. 

2) Finite  Parameter  Sets: The  parameter set T may  be 
given as  a  finite set or may be  constructed as such  from  a 
continuous set by some discretization. so as  to approximate 
the  original set. The set of representation S may  coincide 
with Tor  may define  a finite set of  simpler  models (say. of 
lower order)  than  those  defined by  T. The  solution of the 
min-max  problem (3.4) is then  found by  simple compari- 
son of J ( s ,  t )  values of pairs s and t. The solution of (3.6) is 
found by the  procedure  proposed in the previous section. 
solving the  min-max  problem on each iteration. 

Example 5: Given the model set 

x,+, -?X, + w n  t E T - 

y, =x; +on 
xo=o ‘k,=l 
R = Q = l  

it is desired to find a single representative model  from the 
set for the following cases: 

a) steady-state design for T=(0.1. 0.2. 0.3. 0.4. 0.5. 0.6), 
b) steady-state design for Tz(0.1. 0.2, 0.3, 0.8. 0.9. 

0.99). 
c) initial response  design (first 3  samples) for T=(O.l. 

0.2, 0.3,  0.8,  0.9,  0.99). 
The representative models are  found by applying the 

criterion (3.4) with S= T. The selected values of t o  and the 
approximation measure K ( t o )  (which are given for com- 
parison with later results) are listed below. 

Case t o  ~ ( t ’ )  
a 0.4 0.9836 
b 0.99 0.8223 
c 0.8 0.8945 

It is seen that in Case a an “average”  value for the 
parameter was selected from  the  set. In Case b. however. 
the extrema1  value  was selected. This is  explained  by the 
fact  that  the system associated with  0.99  is nearly unstable 
and the resulting higher output covariance has  greater 
influence on the  criterion  function J ( t .  s )  than the other 
models. This is a  desirable result, as  the nearly unstable 
models should be approximated more closely than the 
strongly  stable ones. For the  initial response design. Case c. 
the selected parameter value has shifted to the left. as the 
effect of near  instability is small for the  short time period. 

Example 6: Now it is desired to find the best two 
representative models from  the model set of Example 4 
with T=(0.1, 0.2, 0.3, 0.4, 0.5, 0.6) for a  steady-state 
design.  Starting with the  initial  parameters Po =(0.2. 0.4) 
the  constrained  min-max  problem is, on the first iteration, 

min maxJ(s, r )  
S E T  t E T  

subject to (maximization step only) 

J ( r , 0 . 2 ) G J ( t , 0 . 4 )  

and 

min  max J (  s, t ) 
S E T  t € T  

subject to 

J ( t , 0 . 4 ) s J ( t . 0 . 2 ) .  

After  computing J( t.0.2)  and J( r ,  0.4)  values for all t E T1 
the above  constrained  min-max  problems become 

S € T ,  t € T ,  
min maxJ(s. t )  TI =(0.1.0.2,0.3) 

and 

S€T2  t € T z  
min maxJ(s. t )  T2 =(0.4.0.5.0.6) 

yielding 

P, =(0.2,0.5) 

which  remains unchanged  in  further  iterations. 
3) Finite-Continuous  Parameter  Sets: Intermediate  ap- 

proximations  for  continuous set reduction  may  be achieved 
by discretizing one of the  parameter sets, yielding one of 
the following  two situations: 

a) discrete  definition set and  continuous  representation 
set, 

b) continuous  definition set and  discrete  representation 
set. 

Either  discretization would  reduce the computation ef- 
fort involved in solving the continuous set reduction  prob- 
lem considerably. as the maximization step  (Case a )  or  the 
minimization  step  (Case b )  of the  min-max  procedure  are 
performed  on finite sets. There does  not  seem to  be  an 
obvious preference to a or b a priori. unless they are 
suggested by the given problem  (for instance. Case a would 
arise in finite set reduction when structure  reduction is also 
performed). 

Optimization  procedures for solving min-max  problems 
when one  parameter is given on  a  continuous set and  the 
other  on  a  discrete  finite set have  been  suggested in the 
literature [17] and some are available in widely  used sub- 
routine  libraries [ 181. These subroutines may be used to 
solve our  min-max  problem (3.4). Note, however, that 
these general subroutines  are  tailored for problems where 
only the criterion  function  (and  none of its derivatives) is 
available or where  only the function  and its first derivative 
are available. In  our case we have first and second deriva- 
tives available for  linear  Gaussian models, so that  better 
solutions  (faster convergence)  may  be achieved. 

Example 7: I t  is desired to find a single representative 
from the set 

X,-I -SX,  +n;, 
Jn = x n  + ‘5, 

xo=O, \k ,=l  

- 

R = Q =  1 

where s E S = [O. 
0.6. The set S 
T=(O.l, 0.2, 0.3 

1. 0.61. the closed interval between 0.1 and 
is first “approximated” by a  finite set 

, 0.4, 0.5, 0.6). Performing  the  optimization 
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min maxJ( t ,  s) 
sES t E T  

for a  steady-state design, we obtain  for  the  representative 
model so =0.406 and K ( s o )  = 0.9840. Comparing these val- 
ues to the ones  obtained  in  Example 5 (Case a )  we see that 
the selected values are very close, while the  representation 
here is slightly better (larger KO) than in the  finite-finite 
case, as might  have  been expected. 

E.uample 8: Let a  discrete model set be  given  by 

where 
tET=(-0.09, -0.16, -0.25). 

The eigenvalues of the system matrix  are listed below. 

t eigenvalues 
-0.09 0.9,O.l 
-0.16 0.8,0.2 
-0.25 0.5,0.5 

It is desired to find a first order  representative model for 
the above set, Le., 

X , , + ]  = sx ,  +”, 
y,, = x n  +u, R=Q=l 

where s may take  any value on the real line.  Applying  the 
min-max  criterion we get so =0.842. Note  that  the selected 
value  is close to the higher  eigenvalues of the  original 
models,  which  is  explained by  the higher  covariance  values 
associated with the corresponding modes. From a  frequency 
response viewpoint the approximate  representative  model 
tends  towards  the low-frequency range of the original 
system due  to the  steady-state design. 

4) Continuous Parameter Sets: A simple-minded  proce- 
dure for solving  min-max problems on  continuous  param- 
eter sets is alternating minimization and maximization 
steps. Convergence can be  normally guaranteed when the 
function has a  saddle  point [ 191. It can be argued,  however. 
that for the function J(s, t )  a  saddle  point will not  nor- 
mally exist. (Note that even in the very simple case of 
scalar  parameters,  depicted in Fig. 2, a  saddle  point  does 
not exist.) A procedure for solving min-max  problems  on 
continuous  parameter  sets  by  iterations  on  continuous- 
discrete  sets  has been proposed  by Salmon [ 161, who  also 
showed  convergence of the algorithm, even in  the  absence 
of a  saddle  point.  This  optimization  method  has been  used 
in  the following  example. 

Example 9: Let a  first-order  linear system be given by 
x,+, = t x ,  + n; 

y,,=x,+c,, R , = Q , = l  

where t takes  its values from  a given interval T on  the real 
line. It is desired to find a single model that  best  represents 
the model set in steady-state.  Applying  our  representation 
criterion (3.4) for two cases of T, the following values for t o  

Case T t o  

a [0.2,0.5] 0.370 

b [0.1,0.6] 0.406 

Note that  the selected value of to  is greater  than  the  mean 
value of the  interval, which is explained  by  the fact that 
models  with  higher t values produce  greater values of the 
output covariance (are “closer” to instability)  and have 
greater influence on the criterion  function.  This effect is 
emphasized  by the  fact that although  in  Case b we have  a 
symmetrical  extension of the  interval of Case a ,  the selected 
value of t o  has  shifted  to  the  right. 

Example 10: We  now  wish to find  the best two and  the 
best three representative models for  the  continuous- 
parameter model set of Example  9  with T=[O.1,0.6]. The 
representation  criterion is  now  (3.6). The selected parame- 
ter values are listed below along with the result obtained 
for  a single representative model and the approximation 
measure, for  comparison 

one representative: (0.406); K(s0)=0.984 
two  representatives: (0.25,0.50); K( P0)=0.996 

three representatives: (0.2,0.39,0.54); K( P0)=0.998. 

Note again,  that  the  representations  tend to emphasize the 
higher  range of the  parameter set for reasons discussed 
before, Also note  that as should be expected,  the  min-max 
approximation improves (higher K values) when more  rep- 
resentative models are taken. 

IV. CONCLUSION 

The problem of stochastic  model  simplification  has  been 
treated in the  contexts of structure  reduction and parame- 
ter set reduction. The  approximation of high-order  and 
time-varying  systems by low-order and time-invariant 
models is  achieved by maximizing the  probabilistic  am- 
biguity between the  actual system and  the selected model. 
The reduction of a model set defined on a set of parameter 
variation or uncertainty  into  a single model or a  finite 
model  group is achieved  by finding  the min-max and  the 
min-max-min  points of the  ambiguity  function.  Set re- 
duction may include  structure  reduction as a  subproblem. 
The algorithmic aspects of the model simplification  prob- 
lem  were considered in some detail. It should be  em- 
phasized that any efficient, general minimization,  min-max 
and constrained  min-max  algorithms  may  be used to solve 
the respective model simplification problems. Several such 
algorithms have  been tested and have  shown  good con- 
vergence properties for the examples considered. For linear 
Gaussian models exact  expressions for the  gradient and  the 
Hessian are  computable, so that  better convergence rates 
can  be achieved at the cost of more extensive computation 
per  iteration. An efficient optimization  procedure may 
employ  a general algorithm,  approximating the first or  the 
second derivative, as a first stage, and  a specialized algo- 
rithm, using the exact derivatives, as  a second stage, for 

were obtained. higher senitivity in the  neighborhood of the  solution. 
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Several discretization and  approximation schemes have a + s , n + l  - - a + s , n  

been considered. The validity of the proposed theory and 
the applicability of the optimization techniques have been 
demonstrated by a variety of numerical examples, concern- where 
ing linear-Gaussian models. The resulting designs have 
been shown to agree with the intuitive choice of "average" 6, n c [ z - ~ s ,  n ~ s  1 
or "typical" models and with traditional system theoretic and 
considerations. 

as1 -C ,n -  as, ETn +as, + S?: (A.7) 

APPENDIX 

The basic iteration in a  gradient-type nonlinear pro- 
gramming method is 

wheresk is the parameter vector at  the  kth iteration, ~ ( s ~ )  where +s.n is obtained recursively from the  equation 
is the inverse of the  Hessian-the second partial  matrix 
(a2J(s)/ask(s,s~), and pn is  the scalar step size parameter. 

In order to  apply  the method to  our problem, the 
gradient and Hessian of J(s) must be derived. Clearly, at 
these are obtained by summation of the  gradients  and 
Hessians of Jn(s), n = 1, - - . , N ,  which are derived in  the a. ,=[  4 s  0 0 ]  
sequel. 

- 

- 
+ s , n + 1 = E . n K 3 n E ? n  + G , . n Q q n  (A.9) 

A.  Gradient Computation 

using rules of matrix differentiation, we get 

and XS,, is obtained from 
- 
X,,.+] =F,.nFs.n + G u n  

x,,, =o. 

- 

initialized at 
- 

We have used the  notation 

(A.lO) 

where si is the ith term of the  parameter vector s. Es.n  is 
obtained from 

where GS,.,, is computed from the Riccati equation Denoting 

- 
- al--s,ll -ffs2e-t - - 84s - + s , , . n ~ + E j j s * ) l -  aH, .. a2: 

initialized at +s,.,.o = &, where Ks. HT[ H:+ 
R , ]  - I  is the  Kalman gain matrix. 

as1 8% as, as, 
The  gradient of Z s , n  is obtained from (A.4) as (A. l l )  

and using (AS) we have where from (A.9) 
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where 

and from (A.9) 

where 

From (A. 13) 

a2x,, n +  1 

asjaSi 

where 

and 

Note  that some of the  equations involved are  commonly 
used in linear filtering and covariance analysis [20] and in 
maximum likelihood identification [21]-[23].  Also note 
that  the  computation  effort  per  step may be reduced (at  the 
possible cost of reduced convergence rate) if instead of the 
exact Hessian matrix derived above, approximations  are 
used. For  instance, a Hessian approximation  formula which 
employs the  gradient values has been reported to perform 
quite effectively [24]. 

REFERENCES 

[ I ]  R. Genesio and M, Milanese, “A note on the derivation and use of 
reduced order models,” I E E E  Trans. Automat. Cotztr., vol. AC-21, 
Febr. 1976. 

[2] E. J. Davison, “A method for simplifying linear  dynamic systems.” 

[3] M. Arumagan and M. Ramamoorty, “A method for simplifying 
IEEE Trats. Automat. Contr., vol. AC-I 1, Jan. 1966. 

[4] N. K. Sinha and G. T. Bereznai, “Optimum approximation of 
large dynamic system,” Int.  J .  Contr., vol.  17, pp. 1129-  1135,  1973. 

high-order systems by low-order models,” Int. J .  Conrr.. vol.  14, pp. 
951-959. 1971. 

[5] D. J. Wright, “The continued fraction representation of transfer 
functions and model simplification,” I w .  J .  Contr., vol. 18, pp. 
449-454.  1973. 

[6] U. Shaked and N. Karcanias, “The use of zeros and zero directions 
in model reduction,” In t .  J .  Contr., vol. 23, no. 1, pp. 113-135. 
1976. 



390 IEEE TRANSACTIONS ON AUTOMATIC CONTROL. VOL. AC-26. NO. 2, APRIL 1981 

[7] Y. Bistritz and G. Langhok, “Model reduction by Chebyshev [24] R. Fletcher, “A  new approach  to variable metric algorithm,” Com- 
polynomial techniques,” IEEE  Trans.  Automt.  Conrr.. vol. AC-24. put. J . ,  VOI. 13, pp. 317-322,  1970. 
Oct. 1979. 

[8] Y .  Shamash, “Linear systems reduction using Pade approximation 
to allow retention of dominant modes,” Inr. J .  Contr.. vol. 21, pp. 

191 

131 

257-272,  1975. 
_ _  

M. F. Hutton  and B. Friedland. “Routh approximations for reduc- 
ing order of linear, time-invariant systems.” I E E E  Trans.  Automat. 
Contr.. vol. AC-20. June 1975. 

estimation,” Proc. IEEE. vol. 64. Aug.  1976. 
R. M. Hawkes and J. B. Moore, “Performance bounds for adaptive 

Y. Baram and h’. R. Sandell. Jr., “An information theoretic ap- 
proach to dynamical system modeling and identification,” IEEE 
Tram. Auromar. Conrr.. vol. AC-23, Febr. 3978. 
G. J. Biennan. “Weighted least squares stationary approximations 
to linear systems,” IEEE Trans. Automat.  Contr.. vol. AC-17. Apr. 
1972. 
H. Kostrati  and H. E. Meadows. “Modeling of linear time-vqing 
systems bj- linear time-invariant systems of lower order.” IEEE 

F. C. Schweppe, Uncerrain Dwantic Swrenrs. Englencod Cliffs, 
Trans. Auromar. Contr.. vol.  AC-18, Feb. 1973. 

NJ: Prentice-Hall. 1973. 
S.~Kullback  and-R. A: Leibler “On information and sufficiency.“ 
A n n .  Math. Srat.. vol. 22, 1951. 
D. M. Salmon. “Minimax controller design.” I E E E  Trans. .4utomar. 

~~..~.. ~ 

- 
Contr.. vol. 13. Aug.  1968. 
J. E. Heller and J. B. C m .  “An algorithm for minmax parameter 
optimization.” Auronmticu. vol. 8. pp. 325-335, 1972. 
M. J. Hooper. ‘‘Hamell Subroutine Library Catalogue.” Comput. 
Sci. and Syst. Div., Atomic Energy Res. Establishment. Hanvell. 
Oxfordshire, England, 1978. 
V. F. Demyanov and V. N. Malozemav. Inrroducno~~ ro Minimax. 
New York: Wiley,  1974. 
A. Gelb, Ed., Applied Optimal Estimation. Cambridge, MA: M.I.T. 
Press, 1974. 
N. K. Gupta and R. K. Mehra, “Computational aspects of maxi- 
mum likelihood estimation and reduction in sensitivity function 
calculation,” IEEE Trans. Auromar. Conrr., vol. AC-19. Dec. 1974. 
N. R. Sandell and K. I. Yared. “Maximum likelihood identification 
of state-mace models for linear d\namic svstems.” Electron. Svst. 

Y o m  Baram (S’75-M’77)  received the B.Sc. 
degree in aeronautical engineering in  1972 from 
the T e c h o n .  Israel Institute of Technology. the 
M . k .  degree in aeronautics and astronautics in 
1974. and the Ph.D. degree in electrical engineer- 
ing and computer science in  1976. both from the 
Massachusetts Institute of Technology, C m -  
bridge. 

He has held research and teaching positions at 
the Technion and at MIT.  From 1974 to 1975  he 
was with the Charles Stark Draper Laboratory. 

Cambridge. MA. From 1977 to 1978  he  was  w-ith  the Analytic Sciences 
Corporation. Reading. MA. Since  1978  he has been with the Department 
of Electronic Communications. Control,  and  Computer Systems. Faculty 
of Engineering, Tel-Aviv University. Israel. He is also a Consultant to the 
Israel Aircraft Industry. His current research interests are in system 
identification. stochastic realization. and adaptive control with aeronauti- 
cal applications. 

Dr. Baram is a member of Sigma X i .  

Yair Be’eri was born in Israel on July 6,  1956. He 
received  the  B.Sc. (summa cum laude) and M.k .  
(summa cum laude) degrees in electrical en- 
gineering from Tel-Aviv University in 1979. 

He is presently studying toward the Ph.D. 
degree at Tel-Akiv University. 

-. ... . -~-.. ~ ...- ~~~ ~~. ~~~ 

[23] K. I. Yared, “On maximum likehhood idenufmuon of h e a r  state 
Lab., Mass. Inst. Technol., Cambnd& Rep. .ESL-R:814, 1978. 

space models.” Lab. Inform. Decision Syst.. Mass. Inst. Technol., 
Cambridge, MA, Rep. LIDSTH-920, 1979. 


